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Abstract. A practical parametrisation for the line shapes of near threshold resonance(s) is
derived in the framework of a coupled-channel model which includes an arbitrary number of
elastic and inelastic channels as well as a bare pole term. The parameters have a direct relation
to phenomenology and can be employed to study the nature of the near-threshold states. The
resulting analytical parametrisation is therefore ideally suited to investigate the full information
content provided by the measurements and to establish a link between the experimental data
and their theoretical interpretation.
1. Introduction
Since 2003 when Belle Collaboration announced the first observation of the meson-like state
X(3872) in the spectrum of charmonium [1], many other charmonium- and bottomonium-like
states were observed which do not fit into the quark-model picture. At present there is no
consensus in the literature regarding their nature.
Some of the new states reside in the vicinity of strong S-wave thresholds and they are
seen in both open-flavour (elastic) and hidden-flavour (inelastic) final states. Since vast and
detailed information is becoming available from the existing experiments and even more precise
data are expected from future high statistics and high precision ones [2, 3, 4, 5], adequate
theoretical parametrisations for the data analysis are urgently called for. It is important that
such parametrisations are consistent with the requirements of unitarity and analyticity and allow
one to exploit the full information content provided by the measurements. This is possible only
via a simultaneous analysis of the data in all available channels.
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2. Coupled-channel problem and a practical parametrisation for the line shapes
We present a coupled-channel approach based on the Lippmann-Schwinger equation (LSE) for
the t-matrix, t. The potential is taken in a form consistent with phenomenology [6],
Vˆ =
Pole β=1,Ne i=1,Nin
0 fβ λi(k
in
i )
li
fα vαβ giα(k
in
i )
li
λj(k
in
j )
lj gjβ(k
in
j )
lj 0

Pole
α = 1, Ne .
j = 1, Nin
(1)
It contains various types of interaction between the bare pole (labeled as “0”, for example, its
position is M0), the set of Ne elastic open-flavour channels (Qq¯)(qQ¯) (here Q and q denote a
heavy and a light quark, respectively) labeled by Greek letters, and a set of Nin inelastic hidden-
flavour channels (QQ¯)(qq¯) referred to by Latin letters. The direct interactions in the inelastic
channels are neglected, since they are expected to be weak.
The elastic potential vαβ is approximated by a constant matrix, and the elastic-inelastic
transition form factors are taken in a separable form. Here kini is the relative momentum in the
i-th inelastic final state (the corresponding reduced mass and the threshold are denoted as µini
and mthini
, respectively). The omission of rescatterings within the inelastic channels allows us
to disentangle the latter from the elastic channels and from the pole term. Thus we define
V00 = −
∑
i
λ2i Ji, Vα0 = fα −
∑
i
giαJiλi, Vαβ = vαβ −
∑
i
giαJigiβ,
where the real part of the inelastic loop integral
Ji =
∫
|q|2liSi(q)d3q → i(2pi)
2
√
s
mthini
µini (k
in
i )
2li+1 (2)
is omitted since it only renormalises parameters of the interaction. For convenience we define
the effective potentials
V effαβ = vαβ −Gαβ − Vα0G0V0β, V effα0 = Vα0(1 +G0V00), Gαβ =
∑
i
giαJigiβ,
where G0 = 1/(M0 −M + V00 − i0) and arrive at a pair of decoupled LSE
tαβ = V
eff
αβ −
∑
γ
V effαγ Jγtγβ, tα0 = V
eff
α0 −
∑
β
V effαβ Jβtβ0,
(3)
Jα =
∫
Sα(p)d
3p = (2pi)2µα(κα + ikα) ≡ Rα + iIα,
with µα and kα being the reduced mass and the relative momentum in the α’s elastic channel,
respectively, kα =
√
2µα(M −mthα) + i, where mthα is the position of the α-th elastic
threshold. With the help of the formalism of [7, 8] the solution of equation (3) can be written
in the form
tαβ = t
w
αβ +
φαφ¯β
M −M0 + G0 , tα0 =
M −M0
M −M0 + G0φα,
where
tw = tv + ψ[G −G−1]−1ψ¯
ψαβ = δαβχα − tvαβJβ, ψ¯αβ = δαβχα − Jαtvαβ,
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Figure 1. Fitted line shapes of the Zb(10610) and Zb(10650) in the B
(∗)B¯∗ and pihb(mP )
(m = 1, 2) channels.
Gαβ = Jαψαβ = ψ¯αβJβ = δαβJα − JαtvαβJβ,
φα = Vα0 −
∑
β
twαβJβVβ0, φ¯α = V0α −
∑
β
V0βJβt
w
βα,
G0 =
∑
i
λ2i Ji +
∑
α
V0αJαφα =
∑
i
λ2i Ji +
∑
α
φ¯αJαVα0.
Thus the entire problem is reduced to inverting a matrix as small as Ne × Ne — all other
components of the t-matrix are algebraically related to tαβ.
Since our knowledge of most resonance properties comes from production experiments, we
build the production amplitude in the channel x as
Mx = −
∑
β
tβx
p3
p1
p2
= −
∑
β
FβJβtβx, (4)
where it was assumed that the production proceeds through the Ne point-like elastic sources Fα
and the Born term was neglected that is justified by the existence of near-threshold poles in the
t-matrix. Neglecting the FSI with particle 3 and partially integrating over the phase space one
can arrive at the formulae
dBreα
dM
= Λ
∣∣∣∑
β
ξβtβα
∣∣∣2p3kα, dBrini
dM
= Λ
∣∣∣∑
α
ξαtαi
∣∣∣2p3(kini )2li+1 (5)
for the elastic and inelastic differential rates, where the allowed parameter range for M is given
by Mmin = m1 +m2 and Mmax = Mtot−m3, p3 is the spectator momentum, and new parameters
Λ = F21 and ξα = Fα/F1 were introduced. Since for all elastic channels the range of forces is
described by the same physics, it is natural to use Rα = (2pi)
2µακ.
3. Line shapes for the Zb(10610) and Zb(10650) states
As an application for our approach we consider the isovector 1+ states Zb(10610) and Zb(10650)
residing near the BB¯∗ and B∗B¯∗ thresholds, respectively, that are produced in Υ(5S) decays
Υ(5S) → piZb and are seen in seven decay channels: Zb → BB¯∗, B∗B¯∗, piΥ(nS) (n = 1, 2, 3),
and pihb(mP ) (m = 1, 2) [9, 10]. The quantum numbers of the final quarkonia fix the angular
momenta of the inelastic final states to l = 0 for all piΥ(nS) final states and to l = 1 for
the pihb(mP ) final states. As an experimental input we use the background-subtracted and
efficiency-corrected distributions in M for the B(∗)B¯∗ and pihb(nP ) channels [11, 9] with floating
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normalisation in each channel, and the ratios of total branching fractions: Bre
BB¯∗/Br
e
B∗B¯∗ ,
Brini /Br
e
B∗B¯∗ [11, 9, 12, 13], where index i runs over all five inelastic channels piΥ(nS) and
pihb(mP ). We do not use the information on the Z
(′)
b line shapes in the piΥ(nS) channels, since
in the one-dimensional fit it is not possible to take into account correctly the interference with
the nonresonant continuum, which is significant in the Υ(5S) → pi+pi−Υ(nS) transitions. To
take into account the experimental resolution we convolve all the distributions with a Gaussian
function with σ = 6 MeV.
The fact that the b-quark mass mb  ΛQCD allows us to use heavy quark spin symmetry
(HQSS) to reduce the number of parameters. In particular [14, 15],
ξ =
g[piΥ(5S)][B∗B¯∗]
g[piΥ(5S)][BB¯∗]
= −1, g[piΥ(nS)][B∗B¯∗]
g[piΥ(nS)][BB¯∗]
= −1, g[pihb(mP )][B∗B¯∗]
g[pihb(mP )][BB¯∗]
= 1. (6)
In the same limit the direct interaction in the B(∗)B¯∗ system can be parametrised in terms of
two parameters γs and γt [6]. The bare pole is not included. Results of the simultaneous fit are
shown in figure 1. Since the suggested parametrisation follows from the Lippmann-Schwinger
approach for the coupled-channel problem then all unitarity and analyticity constraints for
the t-matrix are fulfilled automatically. The inelastic channels enter additively that makes
it particularly simple to extend the basis of the model and to include extra inelasticities.
Finally, the developed parametrisation with the strict HQSS constraints imposed provides a
good (CL=47%) description of the experimental data for the bottomonium-like states Zb(10610)
and Zb(10650).
4. Conclusions
We presented an approach which allowed us to build a practical parametrisation for the line
shapes of near-threshold states consistent with all requirements of unitarity and analyticity.
While additional effects such as finite widths of the constituents and the final state interaction
with the spectator may also play a role, they can be included on top of the interactions considered
in this work so that the presented parametrisation is expected to be realistic that is exemplified
by the simultaneous fit to the data on the bottomonium-like states Zb(10610) and Zb(10650).
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